In this paper we prove some compactness results for a large class of singular transport equations. Our approach relies on some comparison results for positive operators. Our results extend and complete several earlier works. We also provide simpler proofs for several known results in the literature.
Introduction
The present work deals with the time asymptotic behavior and regularity properties of solutions of the following initial value problem: This work was motivated by the earlier works of M. Chabi and K. Latrach [2, 3] and M. Chabi and M. Mokhtar-Kharroubi [4] where neutron transport equations with unbounded collision operators were investigated on L p spaces, with 1 p < +∞. Their goal was to discuss the well-posedness and time structure (t → ∞) of the solution to the time-dependent problem (1) supplemented by the specular reflection boundary conditions:
on the boundary spaces. The assumptions (A1) and (A2) were motivated by free gas models (cf. [5, 14] ) and were afterward used in [2] [3] [4] (see also [10] ). The second part of the assumption (A1) means that the singularities of the collision frequency belong to a set of zero Lebesgue measure. In fact, unbounded and non-negative collision frequencies act as strong absorption which results in the unboundedness of the collision operator.
In [2] and [3] , M. Chabi and K. Latrach showed that the streaming operator T H , defined in (6), generates a positive 
where
In order to study the time asymptotic behavior of the solution ψ(·) = V H (·)ψ 0 to the Cauchy problem (1)- (2) 
where r e (·) denotes the function, essential spectral radius, and σ 0 is the positive real number defined in (A1). Recently, M. Mokhtar-Kharroubi studied in [12, 11] the non-singular multi-dimensional neutron transport semigroup for vacuum boundary conditions (H = 0). He improved (4) by proving that the essential spectrum of U 0 (·) is entirely invariant under the collision perturbation of its generator; i.e.,
Note that the proofs of the above results (4)- (5) were done separately for p = 1 [2, 11] and p > 1 [3, 12] , and the analyses were different (for the definitions of the essential spectral radius and the essential spectrum, we refer to [15] and [13] ). More recently, by using a resolvent approach, B. Lods and M. Sbihi [9] proved that for the non-singular transport operator with non-vacuum boundary conditions, the analogue of (5) 
Finally, note that the results of the above theorem are also valid even in the case where the collision operator K is regular (see Remark 2.2(2)).
Proof of the main result
Let us define the following sets representing the incoming and the outgoing boundaries of the space (−a, a) × (−1, 1):
Moreover, let us introduce the following boundary spaces:
endowed respectively with the norms
where ∼ means the natural identification of these spaces,
The boundary conditions (2) may be written abstractly as an operator H relating the incoming and the outgoing fluxes, namely
and let us consider the domain streaming operator T H including the boundary conditions:
According to [2] and [3] , the streaming operator T H generates a positive C 0 -semigroup (U H (t)) t 0 given explicitly for all
tσ (μ) χ (−a<−x+μt−(4n+2)a sgn(μ)<a) .
For more details, we refer the reader to [7, Sections 3, 4] .
Let us now define the operators I n (t) and J n (t) by: for all ϕ ∈ X p ,
so that we have:
where n(t) is a finite integer depending only on t and a. (See [2, Proposition 4.1].) Let us recall a powerful domination theorem which is crucially used in the proof of our main result (Theorem 1.1). (1) Note that the set of all compact (resp. weakly compact) operators in L(X p , X σ p ) has a Schauder basis, then using the hypothesis (A2), K is a limit for the uniform operator topology of a sequence of finite rank operators in the form
n and q denotes the conjugate number of p defined by
(2) Let K be a rank one collision operator having the form
where 1) and q denotes the conjugate number of p. Note that the set of all bounded functions on the interval (−1, 1) is dense in Lp(−1, 1) for allp ∈ [1, +∞) ∪{+∞}. Let consider a sequence of bounded func-
For all n ∈ N and ψ ∈ X p , we have:
Using Hölder's inequality to the functions σ
Similarly, we have
Now, by substituting (11)- (12) in the inequality (10), one gets
This shows that the sequence of operators (
Proof of Theorem 1.1. Let t 0 be fixed. Note that the compactness (resp. the weak compactness) 
is the restriction operator. Here, the operator K ε is identified to
A simple calculation shows that −1, 1) ). The use of Fubini's theorem yields
Using the change of unknowns
Note that G t = O t • E is a positive operator which can be dominated bŷ
and a n,m (t) = 3t + 3 + 4(n + m) a. 
is the restriction operator and
−a n,m (t) dy ψ y, μ .
is an integral operator whose kernel is equal to one and the Lebesgue measure of (−a n,m (t), a n,m (t)) × (−1, 1) is finite, therefore E t is compact on X p for 1 < p < +∞ and weakly compact on X 1 . This, according to the decomposition (13) 
